0 > τ ABSTRACT: We prove the existence of an asymptotically stable periodic solution of a system of delay differential equations with a small time delay τ > 0. To achieve this, we transform the system of equations into a system of perturbed ordinary differential equations and then use perturbation results to show the existence of an asymptotically stable periodic solution. This approach is contingent on the fact that the system of equations with τ = 0 has a stable limit cycle. We also provide a comparative study of the solutions of the original system and the perturbed system. This comparison lays the ground for proving the existence of periodic solutions of the original system by Schauder's fixed point theorem.
Introduction
A lthough substantial progress has been made toward the study of first order scalar delay differential equation (DDEs), much less is known about the periodic solutions of systems of DDEs. The need for studying a system of DDEs, aside from its mathematical interest, arises from the wide variety of systems in biology and physical sciences that lead to mathematical models involving such systems. Examples arise in the study of coupled oscillators with a time lag in the coupling (Wasike, 1997) , in the diffusion of mass across a membrane, (Epstein, 1990) and in synaptic coupling (Ermentrout,1990) .
We consider the system of equations 
Where Here the accent ″ ′ ″ denotes differentiation with respect to time , the superscript T denotes transpose,
x t x t x t =   , 
When |x (t)| → 1, the following hypotheses are satisfied:
There is >0 such that
Remarks on Hypotheses
(H1) is a planar negative feedback condition. It forces the solution of equation (1) 
)
. The Taylor expansion of
where denotes the derivative with respect to D x . Equation (1) arises from the study of a model equation of two oscillators coupled by a symmetric-diffusion-like path with a time lag. The equation is given below
where
. After an analysis of the linear part of equation (3), two two-dimensional invariant manifolds
were observed with one whose dynamics on the manifold
is described by equation (1), (see Wasike, 1997 
See for example, Hale and Lunel (1993, Chapter 2) . More information on the basic theory on delay differential equations can be found in Hale and Lunel (1993) , Bellman and Cooke (1963) or Diekmann et. al. (1995) ).
Main Results
We show how a perturbed system of ordinary differential equations (ODE) is found from equation (1) for small delays and then show that the perturbed system has an asymptotically stable periodic orbit. Proposition 1. equation (1) with τ small can be written in the form ( )
; , ,
I is a identity matrix, and 2 2 × ( )
; ,
Proof.
Let, for notational convenience, equation (1) be written as
For τ small we have:
Simplifying equation (8) we obtain:
and
It is observed from equation (8) that
which when substituted in equation (9) gives ( )
, where . , here is the usual Euclidean norm.
Next we show that the solutions of equations (1) and (4) remain `close' for all t . Indeed this also provides another way of proving existence of periodic solutions of equation (1) (4) 
By Maclaurins expansion,
Ignoring terms of order higher than O ( ) τ and using (12) in (11) we obtain ( ) 
; , ; ,
; , ), :
;
By using the inner product in 2 R , we get 
Hence the lemma is proved. . .
By the continuity of We now demonstrate that any solution of equation (1) ( ) ( ) ( ) ( ) ( ) ( ) (
